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Abstract. The ratio monotonicity of a polynomial is a stronger property 

OO I than log-concavity. Let P{x) be a polynomial with nonnegative and non- 

' decreasing coefficients. We prove the ratio monotone property of P{x + 1), 

which leads to the log-concavity of P{x + c) for any c > 1 due to Llamas and 
Martinez-Bernal. As a consequence, we obtain the ratio monotonicity of the 
Boros-Moll polynomials obtained by Chen and Xia without resorting to the 

'^ ' recurrence relations of the coefficients. 
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^ : 1 Introduction 

o, 

O . This paper is concerned with the ratio monotone property of polynomials de- 

rived from nonnegative and nondecreasing sequences. A sequence {ak}o<k<m 
of positive real numbers is said to be unimodal if there exists an integer r > 

/\ ' such that 

and it is said to be spiral if 

«m < ao < «m-i < ai < ■ ■ ■ < a[-], (1.1) 

where l^] stands for the largest integer less than y. We say that a sequence 
Wk}o<k<m is log-concave if for any 1 < k < m — 1, 

O'k ~ (^k+lO'k-l > 0, 



or equivalently. 


^0 < ^1 < . . 


^ 0-m-l 




O-l ~ 0-2 ~ 


^m 
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It is easy to see that either log-concavity or the spiral property implies 
unimodality, while a log-concave sequence is not necessarily spiral, and vice 

versa. 

A stronger property, which implies both log-concavity and the spiral prop- 
erty, was introduced by Chen and Xia [B] and is called the ratio monotonicity. 
A sequence of positive real numbers {ak}o<k<m is said to be ratio monotone 

^<^!^<...<^!!^<...<"-'"^J<l (1.2) 

CLq CLl di Q-r m-l i 

and 

— ^< — ^ < ... < ^-L < ... < —LiJ — < 1. (1.3) 

Given a polynomial P{x) = ao+aix+- ■ ■+amx"^ with positive coefficients, we 
say that P{x) is log-concave (or ratio monotone) if {ak}o<k<m is log-concave 
(resp., ratio monotone). 

Assume that P{x) is a polynomial with nonnegative and nondecreasing 
coefficients. Boros and Moll |3] proved the unimodality of P{x + 1) which 
implies the unimodality of the Boros-MoU polynomials. They posed the 
conjecture that the Boros-MoU polynomials are log-concave, which was con- 
ffimed by Kauers and Paule [8j. Alvarez et al. [Ij showed that P{x+n) is also 
unimodal for any positive integer n. Wang and Yeh [12] obtained a stronger 
result that P{x + c) is unimodal for c > 0. Llamas and Martinez-Bernal [9] 
proved that P{x + c) is log-concave for c > 1. 

In this paper, we prove that if P{x) is a polynomial with nonnegative and 
nondecreasing coefficients, then P{x + 1) is ratio monotone. This property 
implies the log-concavity of P{x + 1). Note that by a criterion for log- 
concavity due to Brenti |i5j, the log-concavity of P{x + 1) leads to the log- 
concavity of P{x+c) for c > 1, as established by Llamas and Martinez-Bernal 
[H]. The ratio monotonicity of P{x + 1) serves as a simple proof of the ratio 
monotonicity of the Boros-MoU polynomials obtained by Chen and Xia [7] 
without resorting to the recurrence relations of the coefficients. 



2 The ratio monotone property 

The main result of this paper is given below. 

Theorem 2.1 If P{x) is a polynomial with nonnegative and nondecreasing 
coefficients, then P{x + 1) is ratio monotone. 



To prove Theorem 12. H we need three lemmas. The ffist lemma is a special 
case of [6] Lemma 2.1]. 



Lemma 2.2 Suppose that a, b, c, d, e, f are positive real numbers satisfying 

ace 
b- d- f 

Then 

a + c e + c 

b + d - f + d' 
Lemma 2.3 If B{x) is a ratio monotone polynomial, then so is {x + l)B{x). 
Proof. Let 

B{x) = ^akX^ and {x + l)B{x) = ^bkx''. 

fc=0 fc=0 

For each k we have bk = ak-i + o^ki where a_i and a^+i are set to 0. 
When m = 2n, the ratio monotonicity of B{x) states that 

ao a\ ai On-i 

and 

^^ < -^L_ <...<^!^<...<^^<i. (2.2) 

0'2n-l 0,2n~2 0'2n~i 0,n 

In order to show that (x + l)B{x) is ratio monotone, we need to justify 
that 

60 ~ &1 ~ ~ &i ~ ~ &n ~ 

and 

^0 bi bi bn-i , ,s 

-H- < — — <■■■ < — — <■■■ < ^^ < 1. (2.4) 

b2n ^2n-l ^2n-i ^n+1 

We first consider (12.31) . Since 

ttQ ~ ai ' 
we see that 

0-2n , '22n-l + 02n 



ao fli + ao 

that is, 

&2n+l ^ ^2n 

bo ~ bi' 



For 1 < i < 77, — 1, from (12. ip we deduce that 






By Lemma [2.2[ we obtain 

0'2n+l-i + (^2n-i , (l2n~i + (l2n-i~l 
tti + aj_i Oj+i + tti 

or equivalently, 

02n+l-i ^ L)2n-i 

In light of fl2.ip . we see that a„+i < a„_i, and thus we have 

On+l _ O-n+l ~^ ^^ ^ -I 
bn 0,n + an-l 

Next, we prove (Q- From -^2_ < _a_ it follows that 

; 1- \! (/ a2„_i — a2„-2 

oo ai + ao 



02n-l + fl2n fl2n-2 + 0'2n-l 

that is, 

&0 ^ hi 



&2ra &2n-l 

For 2<i<?7, — 1, in view of (12.21) we find that 



Qi-2 , Qj-i ^ (h_ 



0'2n-i+l 0'2n-i 0'2n-i-l 

By Lemma [2.21 we have 



Ct2ra-j+l + fl2n-i '3'2n-i + Ct2n-j-l 

which can be expressed as 

hi-\ ^ fej 



02n-i+l "2n-i 

From (12. 2p it is clear that a„_2 < ctn+i and a„_i < a^i, and hence 



L^n+1 C^n+l + Ctji 



< 1. 



The case m = 2r2 + 1 can be dealt with in the same manner. This 
completes the proof. I 

The third lemma is concerned with an inequality of an increasing positive 
sequence. This inequality will be needed in the proof of Theorem 12.11 



Lemma 2.4 For any nondecreasing positive sequence {ak}o<k<m, we have 

m(m+l) 2 ^ / \^ / 1 ;n \ /v^ 

a^ + amam-i > \ ^{m-1- k)ak \ a^-i + I 2^ «fc I a,n-2- 

\k=0 J \k=0 

Proof. Since < oq < ai < ■ ■ ■ < Om-i < flm.) we have 

m(m + l) 2 / Y^ / -, ,N \ /v^ \ 
a„ + amOm-i - \ 2_^[m- 1 - k)ak \ Om-i ~ I 2^ ^fc | «m-2 

Vfc=0 / \k=0 



m—2 m 

llLyilb -f- i.) 2 \ — ^/ 7\ 2 \ — ^ 



A;=0 fc=l 



which simphfies to zero, as desired. I 

Proof of Theorem \2.1[ Use induction on the degree m of P{x). Let 

m 

Fix) = ^afcX^ 

fc=0 

where < oq < ai < ■ ■ ■ < am--i < flm- 
When m = 2, we have 

F(a: + 1) = a2x'^ + (ai + 2a2)x + ao + oi + a2. 

Note that a2 < aQ + ai + 02, a^ + ai + a2 < ai + 2a2- Therefore, the theorem 
holds for m = 2. 

Now assume that the theorem holds for polynomials of degree m — 1. We 
need to show that it is also true for polynomials F{x) of degree m. Suppose 
that 

m m 

F{x +l) = Y^aj,{z+lf = Y, hz". (2.5) 

k=0 fc=0 

We wish to prove that 

_m_ ^ _m_J_ < . . . < J!}_!_ < . . . < L^_i < 1 (2.6) 

Oq Ox bi Or m-i i 
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and 



^' < J^<...<^<...<Mzi<i. (2.7) 



/i ~?i ~ ~ h ~ ~ h 

'-'m—1 '-'in— 2 '^m—i "n 
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Let 



m—l 



Q{x) = y^gfc+ix^. 



fc=0 
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Then 

P{x + 1) = ao + (x + l)Q{x + 1). 



By the inductive hypothesis and Lemma 12. 3[ we deduce that the polynomial 

m 

{x + l)Q{x + 1) = bo-ao + Y^ bkx'' 

k=l 

is ratio monotone. So we have 

-i!I^<^<...<^<...<^-'"^'<l (2.8) 

Oq — CLq bi Oj br m-l i 

and 

bn — an bi 6i_i ^f^l-i 

— < — — <■■■ < -^-^ < ■ ■ ■ < ^^ — < 1. (2.9) 

bm-l bm-2 bm-i bm-[l^] 

Clearly, (12. 6p follows from (12. 8p . To prove (12. 7p . it remains to show that 

^0 ^ bi 



bm-l bm~2 

From (12. 5p . we see that 

m 

bo = 2_^ ^k, bm-l = Clm-1 + ^Tittm, 

fc=0 

and 

^1 = ^ kak, bm-2 = «m-2 + (m - l)am-i + ( 2 ) '^^ 

Consequently, it suffices to show that 

Em V— ^'^ l, 

fc=0 ^k ^ Z^fc=0 '^^k 



0-m-i + ma-m am-2 + (m - l)am-l + (™) Om ' 

or equivalently. 



y^ /cttfc I ttm-i + I ^ mkak \ am- i^o^kj am-2 

k=0 J \k=0 J \k=0 J 

- I ^(m - l)ak I am-i - I ^ ( j «fc | a™ > 0. 



The left hand side of the above inequahty can be simphfied to 

^2k-m+l \ (^^^ ^, \ (^ 

> , ^ Ofc I mam + \2^[k-m+l)ak\ a^-i - I 2^ ^fc I «m-2, 

a-O / \fc=0 / \A:=0 

which can be rewritten as a sum of 

E™" 2A; — m, + 1 \ 
ak I mam (2.10) 

>fc=o / 

and 

a^ + amttm-i - I ^ (m - 1 - A;) Ofc I a^-i - I ^ a^ | am-2- 

\fc=0 / \A:=0 / 

(2.11) 

By Lemma \2A\ the sum in fl2.1ip is nonnegative. The sum in ( l2.1Up is also 
nonnegative, since 

r m—1 1 

E2k — m, + 1 ^—^ 2k — m, + 1 ^--^ m — 1 —2k 
^ «fe = 2^ ^ «fc - 2^ ^ flfc 

fc=0 fc=[^]+l fc=o 



2 



r 7n — 1 1 



Em — 1 — 2/i; ^^ m — 1 — 2/i; 
^ ctm-^i-fe - 2^ ^ flfc 

fc=0 A:=0 

Em — 1 — 2A; 
^ (Om-l-fe — Ofc), 

A;=0 

which is nonnegative, and thus the proof is complete. I 

Theorem 12.11 leads to the following result of Llamas and Martinez-Bernal 
[9], since the ratio monotonicity implies log-concavity of P{x + 1) and the 
log-concavity of P{x + 1) implies the log-concavity of P{x + c) for c > 1 by 
a criterion of Brenti [U [S] . 

Corollary 2.5 If P{x) is a polynomial with nonnegative and nondecreasing 
coefficients, then for any c > 1 the polynomial P{x + c) is log-concave and 
has no internal zero coefficients. 

Theorem 12 . 1 1 also serves as a simple proof of the ratio monotonicity of the 
Boros-Moll polynomials Pm{x), which were introduced by Boros and Moll [2] 
in their study of the following quartic integral 
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(t^ + 2xt^ + 1)"^+! 2'"+3/2(x + iyn+1/2 
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-2m+k I 2"^ - 2fc\ fm + k 



Let 

''^'^^ = ^^ \m-k l\ k 

Boros and Moll showed that 



Pn.{x) = Y,Ck{m){x+lf. (2.12) 



fc=0 

They also observed that, for < fc < ttt, — 1, 

Ck{m) (2m-2fc-l)(fc+l) 



Cfc+i(m) (m — A;)(m + A; + 1) 



< 1. 



Thus, Pm(x — 1) is a polynomial with nonnegative and nondecreasing coef- 
ficients. Boros and Moll [2J proved that Pm{x) is unimodal for any m > 0, 
and Moll [10] conjectured that Pm{x) is log-concave for any m. This con- 
jecture was confirmed by Kauers and Paule [8]. The ratio monotonicity of 
Pm{x) was established by Chen and Xia and the proof is quite technical and 
heavily depends on inequalities on the coefficients. The proof of Theorem 
12.11 shows that the log-concavity and ratio monotonicity only depend on the 
nondecreasing property of the coefficients of Pm{x — 1). 
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